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Let R be an algebra over a field k, let 6 be a k-derivation of R and let 
S = R ]t; S] be the skew polynomial ring obtained from R by adjoining the 
indeterminate t subject to the relations 
tr - rt = 6(r) (r E R). 
In this note, we briefly comment on the relation between the Gelfand- 
Kirillov dimensions of R and S. More precisely, with d(.) denoting Gelfand- 
Kirillov dimension over k, we show that 
(i) If R is affine over k then d(S) = d(R) + 1. 
(ii) For any positive integer r, there exist R and 6 such that 
S = R It; S] is affine over k and d(S) = r, whereas d(R) = 0. 
Assertion (i), of course, comes as no surprise and was in fact believed to be 
true in general, without any further assumption on R. We include the easy 
proof for the sake of completeness. The examples constructed for (ii) can be 
used to give an example of a skew polynomial ring S = R ] t; 6 ] with d(R) = 0 
but d(S) = co. This was pointed out to us by John McConnell whom we also 
wish to thank for bringing the problem discussed in this note to our 
attention. We also thank G. Michler for helpful discussions. 
Our notation is as in [ I]. 
LEMMA (cf. [ 1, Lemma 3. Ic I). Let R be an afline k-algebra, let 6 be a k- 
derivation of R: and let S = R It; 61 be the corresponding skew polynomial 
ring over R. Then d(S) = d(R) + I. 
ProoJ The inequality d(S) > d(R) + 1 is straightforward and so we 
concentrate on the other inequality. For this, let VCR be a finite- 
dimensional k-subspace of R such that 1 E V and R = k[V]. Fix a positive 
integer 1 such that S(V) c V’ and set IV= k . t + V, a finite-dimensional 
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subspace of S with S = k( W]. We claim that for all n = 0, 1, 2,... we have 
W” c CyYO V’nti. This is of course obvious for n = 0, since W” = F’ = k. 
Assume that the assertion holds for n > 0. Then 
v. wn c 5 p2+iti c ‘!I yHn+l)ti, 
i=O i=O 
and 
t . W” s $ 1. y’*t’s -f vl”t’+’ + 2 6(V’“) t’ 
i=O i=O i=O 
Here, the latter inclusion holds because 6( V”‘) E Cj”=<’ Vi&V) V’” --j-- ’ c 
~~-,I vjvlvln-j- I C V’cn+‘). Since W”+’ = V. W* + t - W”, our claim is 
established. We deduce that dim, W” < (n + 1) dim, I”“, and hence 
7 
d(S) = lim 
log dim, W” 
log n 
<1t lim 
log dim, V’” 
n-m n4m log n 
= 1 t d(R), 
since V’ is a finite-dimensional subspace of R generating R as a k-algebra 
This proves the lemma. 
Of course, finite generation of R over k is by no means necessary for the 
equality d(S) = d(R) t 1 to hold. Indeed, it clearly suffices to assume that 
every finite-dimensional k-subspace of R is contained in an aftine &stable k- 
subalgebra of R. This is of course always true if 6 = 0, and also if R is of the 
form R = A,, where A is afline over k and T is an Ore subset of regular 
elements of A. We now construct a family of examples showing that the 
conclusion of the lemma does not hold in general. 
EXAMPLE. Fix a positive integer r. Let T= k[X,: A’,,...] be the 
commutative polynomial ring in countably many variables over k and let I = 
(X, , X,,...) be the augmentation ideal of T. Define a k-derivation 6 on T by 
setting S(Xi) = Xi, , (i = 1,2,...). Then S(Z) E I, and hence s(P) G I’. Thus b 
defines a derivation on R = T/I’ which we will also denote by 6. Note that R 
is locally finite-dimensional so that d(R) = 0. Set S = R[z; 61. We show that 
d(S) = r. 
LetxidenotetheimageofXiinRandsetV=k.1+k.x,+k.t~S. 
Note that V generates S as a k-algebra, since txi - xi t = xi+, holds for all i. 
The same relation also shows that x, f V” for all n > I. The set & of all 
nonzero monomials of the form x:1x$ . . . x1: in R, with Ii > 0, is linearly 
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independent over k and is contained in VnCr-‘), since necessarily ~~=, Ii < r. 
Moreover, the number of these monomials is 
v%(n) = 2 (n+jY1)= (Ill)1 C’+(termsoflowerdegreeinrz). 
The elements ,ut’ with p E .Nn and 0 < i < n are all linearly independent over 
k and belong to I”“. On the other hand, V” is contained in the subspace W,, 
of S generated by these elements. Indeed, this is clear for n = 0. Moreover, 
x,.H” G.&~ implies x, W,, G W,,, and if ,u E -4, and 0 < i < n then 
tpt’ = pti+ l + Q) t’ E w,, I, 
since r&Q is contained in the k-subspace of R generated by ..J&, , . By 
induction, we conclude that V” G W,, . Summarizing, we have shown that 
d’,m V’” > d’,” W,, > dim I”‘. 
k 
Finally, dim, W, = (n + 1) q,(n) = In' + p for some constant A > 0 and 
some polynomial p in iz of degree less than r. Therefore, the first inequality 
implies that d(S) > r, since V” is a finite-dimensional k-subspace of S, and 
the second inequality shows that d(S) < r, since V generates S. Thus we 
must have d(S) = r, as we have claimed. 
To obtain an example with d(S) = co, let R,., S,., and 6,. denote the rings 
and the derivation constructed above so that S, = R,.[t; S,], d(S,) = Y. Now 
let R denote the subalgebra of the direct product nra, R, (with 
componentwise operations) generated by the elements of finite support, 
together with 1 (to make sure that all rings in sight have a l), and let 6 = 
nIr>, 6, be the derivation of R obtained by letting 6, act on the rth 
component in the given manner. Then S = R It; 61 contains each S,, which 
forces d(S) = co. On the other hand, R is clearly locally finite-dimensional 
so that d(R) = 0. 
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